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Abstract
Spontaneous Raman processes in cold atoms have beenwidely used in the past decade for generating
single photons.Here, we present amethod to optimise their efﬁciencies for given atomic coherences
and optical depths.We give a simple and complete recipe that can be used in present-day experiments,
attaining near-optimal single photon emission.
1. Introduction
On-demand single photon sources are appealing ingredients formany quantum information tasks. Examples
include the distribution of entanglement over long distances using quantum repeaters or quantum
communications with security guarantees which remain valid, independent of the details of the actual
implementation [1, 2]. These tasks necessitate stringent purity and efﬁciency requirements on the performance
of the single photon sources used. Techniques based on spontaneous Raman processes in cold atoms are among
themost advanced single-photon sources with such characteristics. The basic principle is to use an ensemble of
three-level atoms in aΛ-conﬁguration and two pulsed laserﬁelds (see ﬁgure 1(a)). Theﬁrst write pulse—the
write control ﬁeld—off-resonantly excites one transition, which can spontaneously produce a frequency-shifted
photon—thewrite photon ﬁeld—along the second transition through aRaman process. Since all the interacting
atoms participate in the process, and there is no information aboutwhich atom emitted the photon, the
detection of this write photon heralds the existence of a single delocalised excitation across the sample—an
atomic spinwave.Once the spinwave has been prepared, the atomic sample is ready to be used as a source, and a
second pulse—the read control ﬁeld—along the second transition performs a conversion of the atomic spin
wave into a second photon—the read photon ﬁeld. If the duration of the process is short enoughwith respect to
the atomic coherence times, and the optical depth of the sample sufﬁciently high, then the read photon is
emitted efﬁciently in awell deﬁnedmode and the protocol provides a viable single photon source.
Such sources have been at the core of numerous experiments during the last decade following the seminal
paper ofDuan, Lukin, Cirac andZoller [3], showing how they could be used for long-distance quantum
communication based on quantum repeater architectures (for reviews, see [4–7]). Recently, they have been used
as quantummemories with storage times up to 200 ms [8, 9] or as a source producing pure single photonswith a
temporal duration that can be varied over up to 3 orders ofmagnitudewhilemaintaining constant efﬁciencies
[10].We stress that the efﬁciency of such a source is a critical parameter for the implementation of efﬁcient
quantum repeater architectures.While very high efﬁciencies of∼90%are essential, a reduction of the source
efﬁciency by 1%can reduce the repeater distribution rate by 10%–20%, depending on the speciﬁc
architecture [4].
Several solutions can be envisioned to ensure high efﬁciencies. One solution relies on the use of an optical
cavity to enhance the spinwave–light conversion efﬁciency. Experimental efforts along this direction have
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resulted in efﬁciencies of up to 84% [11, 12]. An alternative solution involves increasing the atomic density in
order to obtain a larger optical depth [13]. This howevermakes operations like optical pumping and noise free
operationsmore challenging. This naturally raises the following question:What is the optimal efﬁciency that can
be achievedwith a bulk atomic ensemble having a certain optical depth?This question has been previously
addressed formemory protocols where single photons are ﬁrst absorbed before subsequently retrieved in awell
deﬁnedmode [14, 15].
Inspired by theseworks, weﬁrst examine the conditions on the spinwave shape for achieving optimal
photon retrieval efﬁciencies given the optical depths and speciﬁed energy levels in the atomic species.We
observe that the optimal spinwaves are decreasing functions in spacewhose decay depends on the optical depth.
The intuition is that the reemission process is a collective effect inwhich the ﬁelds emitted by each atom interfere
with each other. The best possible way for these ﬁelds to add up constructively is that theﬁeld amplitude
increases as it propagates into themedium. Afterﬁnding the optimal spinwave shapes, we recognise that current
approaches using off-resonant write control ﬁelds create non-idealﬂat spin excitations in the sample (previously
studied inworks such as [16]), since such control ﬁelds do not experience signiﬁcant intensity depletion during
propagation. To achieve better retrieval efﬁciencies, we propose a concrete solution (see ﬁgure 1(b)) to spatially
shape the spinwave using resonant, temporally shapedwrite control ﬁelds. Combinedwith fast read control
ﬁelds during the retrieval process, we show that our recipe achieves near-optimal retrieval efﬁciencies.
This paper is structured as follows: in the ﬁrst sectionwe discuss the optimal retrieval efﬁciency from a spin
excitation. For completeness, weﬁrst quickly review derivations in [15] that allow us toﬁnd the expression for
the retrieval efﬁciency of a complete retrieval process, wherewe beginwith only g sñ - ñ∣ ∣ coherences and
transfer all atoms to gñ∣ .We thenﬁnd the shapes of the spin excitation that yield the optimal retrieval efﬁciency
when complete retrieval is performed. In the second sectionwe propose the use of a resonant write control ﬁeld
to create heralded spin excitations similar to those that allow for optimal retrieval.We then give explicit
expressions for retrieval when using a quick read control ﬁeldwith a constant Rabi frequency. Finally, we include
a feasibility study in the case of a gas of Rubidium-87.
2.Optimal retrieval
2.1. Efﬁciency of a complete retrieval process
Weﬁrst review a derivation in [15] giving the dependency of the efﬁciency of the retrieval process on the relevant
quantities in the physical setup. This yields an expression for the retrieval efﬁciency, that depends only on the
shape of the spinwave fromwhich the retrieval is performed, and on the optical depth of the relevant transition.
We emphasise that thework in [15] focuses on absorptivememory protocols where aﬁeld isﬁrst absorbed in
an atomicmedium, creating a spinwave that can be read out later to re-emit the ﬁeld in awell deﬁned spatio-
temporalmode. To justify the relation to [15], in our proposal the spinwave creation is instead heralded by the
detection of thewrite photon ﬁeld, but the readout process is analogous, allowing us tomake use of [15] to
deduce the spinwave shapes thatmaximise the retrieval efﬁciency.
Figure 1.Λ energy level scheme and schematic of the proposed single photon source. (a)Write (read) control ﬁelds are indicatedwith
Rabi frequenciesΩW (ΩR) andwrite (read) photon ﬁelds are indicatedwith quantum ﬁelds w ( r ), each along their respective
transitions. In ourmodel the excited level eñ∣ is capable of spontaneous emission to themetastable states gñ∣ and sñ∣ . (b)A schematic of
the protocol indicates the sequence of events. A fast resonantwrite controlﬁeld of duration τW followed by awrite photonﬁeld
detection in a short timewindow τd heralds a spatially varying spinwave. A fastπ-pulse of duration τR then enables the retrieval of the
stored excitation. Laser pulses are shaded darker to indicate their stronger intensities as compared to theweaker photon emissions.
(c)Abackward retrieval conﬁgurationwith counterpropagating control ﬁelds results in photon ﬁeld emissions in opposing directions.
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Weconsider a three-level atomic system in aΛ-conﬁguration (see ﬁgure 1(a))with spin excitations present
in the formof g sñ - ñ∣ ∣ coherences. In the situationwhere almost all the atoms remain in gñ∣ and in a rotating
frame, the backwardwave propagation equation (see ﬁgure 1(a)) alongwith theHeisenberg–Langevin equations
ofmotion yield
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c1s= w- -( ) ( ) and S z t N z t, , egs i L zc1 2s= w w- - -( ) ( ) ( ) are rescaled and slowly varying
atomic operators (see appendix for details), withω1 (ω2) referring to the energy transition of the e gñ - ñ∣ ∣
( e sñ - ñ∣ ∣ ) transition. γeg (γ0) refers to the decay rate of the e gñ - ñ∣ ∣ ( g sñ - ñ∣ ∣ ) transition. L denotes the length
of the atomic sample andN the number of atomswithin this sample. FS and FP indicate the noise operators
associated to S andP, respectively. RW (Δ) refers to the Rabi frequency (detuning) of the classical write control
ﬁeld on the e gñ - ñ∣ ∣ transition, and r denotes the quantumﬁeld of the retrieval emission. The optical depth d
characterises the absorption of resonant light in the sample, such that the outgoing light intensity is
I z L e I z 0d0 2= = =-( ) ( ), validwhen the spectrumof the incoming light is well containedwithin the atomic
bandwidth.
Here, we consider the situationwhere retrieval is completed well within the spinwave decoherence time, and
thus ignore γ0. In computing the spin and photon numbers, we also ignore the Langevin noise terms FS and FP as
they appear in normal ordered form, and in the situationwhere almost all the atoms are in the ground state these
do not contribute.
Deﬁning ﬁrst the reversed functions P L z t P z t S L z t S z t, , , , ,- = - =¯ ( ) ( ) ¯ ( ) ( ) and L z t,r - =¯ ( )
z t,r ( ), then taking the Laplace transforms of equations (1) from L z z u- = ¢  , we beginwith the following
set of transformed equations
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From equations (3) and (4)weﬁrst obtain the following result
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With equation (2)we can then rewrite the number of emitted photons η in terms ofP(u, t)
c
L
t z t z t
c
L
t
d
cL u u
P u t P u t
d 0, 0,
d
1
, , ,
r r
eg
z L
z L
0
2
1
0 1 2
1 2
1
2
 

ò
ò
h
g
= á = = ñ
= á ñ
¥
- ¥
¢
¢
( ) ( )
¯ ( ) ¯ ( )
†
†
where 2
1- indicates the instruction to take the Laplace inverses of both u1 and u2 separately.With the use of
equation (5)we can next rewrite P u t P u t, ,1 2á ñ¯ ( ) ¯ ( )† as a full derivative and perform the integral to get
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where the last equality comes from the conditionswe assume in a complete retrieval process, i.e. that we begin
with only g sñ - ñ∣ ∣ coherences and at the end of the process all atoms are in gñ∣ . By performing the inverse
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Laplace transforms one sees that for complete retrieval in the backward direction6,
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2= - + ( )( ) and In(x) indicates themodiﬁed nth Bessel function of the ﬁrst kind.We
proceed by considering the situationwhere there is originally a single spinwave in the sample (such that
S z S z z, 0 , 0 d 1
L
L1
0ò =( ) ( )† ), and thus interpret η as the efﬁciency of the retrieval process. The retrieval
efﬁciency η is independent of the details of the read control ﬁeld used, and is a result of the ratio between desired
and undesiredmodes that are retrieved from the spinwave.
2.2.Optimal spin shapes for complete retrieval
Having shown the dependence of the retrieval efﬁciency on the spinwave shape and optical depth, we now look
to gain some intuition on howonemight obtain the optimal retrieval efﬁciencies, by plotting the spin shapes that
maximise the retrieval efﬁciency for given depths.
To do this, we recognise equation (6) as the continuous formof a product of discretised versions of kr (in the
formof amatrix) and Sñ∣ (in the formof a vector). Cast in this light, this integral can be computed by performing
amatrixmultiplication between the discretised versions of kr and Sñ∣ , and in this discrete approximation the
optimal spin shape is the eigenvector of krwith the largest eigenvalue. One can then interpolate the resulting
vector to obtain optimised spin shapes, which are shown as solid coloured lines inﬁgure 2.
The best spin shapes for optimal retrieval show a clear spatial dependencewith a bias (depending on the
optical depth d) towards placing larger excitation probabilities towards the retrieval direction (backwards in this
case). Intuitively, we see these shapes representing the best way to obtain constructive interference throughout
the retrieval process. As the opticalﬁeld is converted from the spinwave towards the retrieval direction, it
beneﬁts from encountering a higher excitation from the atoms it next encounters.Wewill denote the retrieval
efﬁciencies from these optimal spin shapes as *h .
3. Practical recipe for achieving near-optimal retrieval efﬁciencies
3.1.Heralding spatially varying excitations fromwrite photon detections
In the previous section, we have outlined how the retrieval efﬁciency depends on the shape of the given spin
excitation, and also how the optimal spin shapes can be computed. Herewe propose amethod of conveniently
creating spin shapes that yield near-optimal retrieval efﬁciencies. In contrast to creating spin excitations using
spontaneous Raman processes enabled by far-detunedwrite control ﬁelds, we explore the use of resonant
control ﬁelds instead, which create spin excitations with signiﬁcantly position-dependent excitation proﬁles.
These proﬁles can be controlled by tuning the duration of thewrite control ﬁeld, which is in turn related to the
Figure 2.Optimised spinwave shapes for retrieval in the backward direction (solid lines)when compared to the bestﬁtting
exponential shapes created by our resonant write protocol (dotted lines).
6
In [15], equation (6) is said to describe the optimal retrieval efﬁciency from a given spinwave. For us, we see this retrieval efﬁciency function
as a description of complete retrieval in the absence of spinwave decoherence, which ismade optimal onlywhen providedwith the correct
spin excitation.
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frequency spread. A shorter (longer)writeﬁeld duration implies that it has a wider (sharper) spread in
frequency, and this thus affects howquickly thewrite pulse is depletedwithin the sample.
We give a detailed derivation of thewrite process in appendix B.1. To summarise (seeﬁgure 1(b)), beginning
with all atoms in the gñ∣ -level, we send a short rising exponential resonant write pulsewith Rabi frequency
t0, eW W
tmax WW = W t( ) that does not signiﬁcantly excite the atoms to the eñ∣ level ( 1W Wmax tW  ). If sent with a
sufﬁciently short duration (τW= 1/γeg, τW= 1/γes) and shut off at t=0, one can consider only the dynamics
along the g eñ - ñ∣ ∣ transition, and obtain atomic coherences of the form (see appendix B.2)
z, 0 e e , 7ge k zi . 0
z
w 2s q= -a( ) ( )
where di , 2
L0 1 1
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eg
eg
eg
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q a= =tg t
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+ + and kw indicates thewave vector for thewrite photon, which is
described using a quantumﬁeld w . Immediately after the preparation, we look for the detection of write
photonswithin a short detectionwindow τd as a herald for single spin excitations. This avoids potential
dephasing effects from the decoherence of the eñ∣ level. In this short detectionwindowof duration
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where γes (d¯) refers to the decay rate (optical depth) of the e sñ - ñ∣ ∣ transition. Thewrite photon number ηw is
simply the product of d es dg t¯ and the fraction of excited atoms (averaged across the sample).
In this same regime for τd, to leading order the corresponding heralded spin state is (see appendix B.5)
S z
d c
L
t t, i e e 0, d , 9es z td 0 2
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which has an exponentially decaying spatial dependence from the z=0 side of the sample. The extent of this
spatial decay is characterised byα, which does depend on the given properties of the atomic sample, but can be
controlled by varying thewrite control ﬁeld duration τW.One can compare this class of heralded spin shapes
(created from exponentially risingwrite pulses) to the optimal spin shapes inﬁgure 2.
3.2. Performing fast retrieval
Wenowproceedwith the retrieval process, and spell out the exact requirements for a certain implementation of
retrieval—the fastπ-pulse using a squarewaveformof duration τR.Once again, we focus on retrieval processes
completedwell within the spinwave decoherence time and performed under relevant experimental conditions.
We thus ignore both the spin decoherence and Langevin noise terms in equation (1). Herewe have implicitly
assumed that the energy levels of the gñ∣ and sñ∣ levels are degenerate7. See [15, 17] for details.
With a resonant square retrieve pulse in the backward direction (see ﬁgure 1(c)) oneﬁnds the following
simple expression for the dynamics of the spinwave (details given in appendix A.1)
S u t AS u t BS u t¨ , , , 0, 10+ + =¯ ( ) ¯˙ ( ) ¯ ( ) ( )
where A 1eg
d
Lu
g= +( ) and B R2= W (for realΩR), andwe have taken the Laplace transform L z z u- = ¢  .
In the regime8where d2 1egR gW + ( ), weﬁnd B A4 2 , and obtain the following solution
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wherewe then see thatwith a sufﬁciently fastπ-pulse (such that 2ΩRτR=π) obeying γeg (1+d) τR=2, one
can convert S toPwithout loss, yielding
7
The phase-matching condition in one dimension is fully satisﬁed for co-propagating pulses and emissions, even in the non-degenerate
case. For counterpropagating strategies like the onewe suggest, one requires the condition k L 1D ∣ ∣ , where k k k k kW w R rD = - = -( )
refers to the difference inwave vector along our 1-dimensional system for thewrite (read) control and photon ﬁelds (see appendixC).
8
In considering the lossless preparation of P u t,¯ ( ) from S u t, dt=¯ ( ), requiring 2ΩR? γeg(1+d) for theπ-pulse can be demanding.
However, we show in appendix A.3 that one can achieve the same retrieval efﬁciency even in the slow readout regimewherewe do not
separate theP preparation process from the emission.
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P u S u t, i , . 13R d dt t t+ » =¯ ( ) ¯ ( ) ( )
The emitted read photonﬁeld can then be obtained by solving the set of equations in (1) after the fast read
control ﬁeld has ended (see appendix A.2), giving
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this emitted ﬁeld then yields a retrieval efﬁciency given by equation (6).
3.3. Comparison
Wehave seen that the proposed retrieval protocol yields a dependence on the spin shape, as described by
equation (6). Hencewe now compare the retrieval efﬁciencies attainable with our protocol and compare them to
the optimal ones.
We can estimate the achievable efﬁciency of our protocol by choosing awrite pulse duration such that the
heralded spin shape bestﬁts the optimal spin shape. A good approximation to this write pulse duration is well
described in [19], and given by
1 1
1
. 15
eg
dW
approx
2
t g= +
( )
Aswe showbelow, this simple expression for thewrite pulse duration essentially produces the optimal efﬁciency
available for a given optical depth. This is hence thewrite pulse durationwe recommend.
We also compute the retrieval efﬁciencies ηfwd that would be obtained if the resonant write pulse of duration
W
approxt were to be followed by a co-propagating retrieve pulse instead. This would result in a situationwhere the
spinwavewould be far fromoptimal with respect to the retrieval direction. Inﬁgure 3, we compare the optimal
efﬁciency *h , the efﬁciencies ηres and ηfwd obtainedwith our proposal (from a spinwave created from a resonant
exponential pulse with duration W
approxt ) together with the efﬁciency of the standard approach using far off-
resonant write pulses, for which the efﬁciency is bounded by the complete retrieval efﬁciency fromaﬂat spin
wave [15]
I d I d1 e , 16doff res 0 1h = - +- - ( ( ) ( )) ( )
whichwe have veriﬁed numerically. This retrieval efﬁciency is valid for retrieval fromboth the forward and
backward directions from aﬂat spinwave.
Our proposal approaches optimal efﬁciencies, performingwithin∼10−3 of *h and compares favourably
with respect to the standard off-resonant case. The improvement in efﬁciency is dependent on the optical depth,
andwe present some values in table 1.
Figure 3.Retrieval efﬁciency as a function of the optical depth. Blue circles indicate the retrieval efﬁciency from the optimal spinwave.
Yellow triangles (green diamonds) indicate the efﬁciency frombackward (forward) retrieval for the proposed recipe that uses an
exponentially risingwrite controlﬁeld. The black dashed line indicates the retrieval efﬁciency using the standard approachwith off-
resonant write controlﬁelds.
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Finally, we have also investigated the on-resonance retrieval with an exponentially increasing write pulse
using non optimised pulsewidths W eg
1t g= -( ), but ﬁnd a saturation of only∼67%of the retrieval efﬁciency for
high optical depths.
3.4. Retrieval into a singlemode
For a single photon source to be useful, one needs to not only efﬁciently emit a single photon, but also to ensure
that the said photon is emitted in a singlemode. In ourmodel we have assumed that thewrite and read photons
are each in a singlemode.
For an actual implementation, oneway to check that a singlemode for thewrite and read photons are
collected and detected, is to perform an autocorrelationmeasurement with two detectors after a 50-50
beamsplitter (see appendixD). Under the assumption that thewrite and read photons are correlated through
vacuum squeezing processes, thismeasurement allows us to determine the number of emissionmodesK, as it
gives g 1
K
2 1~ +( ) [20] (valid in the absence of detector noise and for small emission probabilities).
4. Feasibility study of Rubidium-87
For a feasibility studywe consider aΛ-system consisting of the following energy levels from theD-2 transition of
Rubidium-87: g m s m5 S , F 2, 2 , 5 S , F 1, 02 1 2 F 2 1 2 Fñ = = = ñ ñ = = = ñ∣ ∣ ∣ ∣ and e 5 P , F2 3 2ñ = =∣ ∣
m2, 1F = ñ. By taking into account the relevant branching ratios, we take 2 6.067 MHzeg 112g p= ( ) and esg =
2 6.067 MHz1
8
p( ) .
Weﬁrst consider an optical depth of d=20 on the e gñ - ñ∣ ∣ transition. From equation (15), weﬁnd that a
suitable write control ﬁeld duration is given by 0.09eg W
approxg t = . This implies aﬁeld duration of 29Wapproxt »
ns. Further considering an optical depth of d 20=¯ on the e sñ - ñ∣ ∣ transition and aweakwrite control ﬁeld such
that 0.01W
max
WtW = , the number of write photons is nw=2×10−4 within a short detectionwindow of
τd≈100 ns.We note that the ability to create pulses with a rising exponential shapewithﬁeld amplitude
duration as low as 20 ns has already been demonstrated inworks such as [21, 22].
Subsequently, the retrieval pulse on the e gñ - ñ∣ ∣ transition requires a Rabi frequency of
2 5.3 MHzR pW  ( ) , with a predicted retrieval efﬁciency of 89%, essentially achieving *h (see table 1). This
compares favourably to the retrieval efﬁciency from aﬂat spinwave 82%off resh =- .
5. Conclusion
In this work, we have discussed conditions for the optimal generation of single photons from spontaneous
Raman processes in cold atoms.
We have ﬁrst recognised that the ability to create favourable spinwave shapes can signiﬁcantly improve the
heralded retrieval efﬁciency. Since the reemission process is collective, the retrieval process beneﬁts from all
atoms participating favourably, in this case beneﬁtting from a particular optimal spin shape. A resonant write
pulse offers the option to create spatially varyingwaves due to its signiﬁcant interaction through the sample.We
have thus proposed a detailed recipe to create single photonswith efﬁciencies that compare favourably to
standard strategies utilising ﬂat spinwaves.
The recipe focuses on cases where the spin coherence time is longer than the optical coherence times and
consists inﬁrst specifying the decay rates γeg and γes from the excited states and the optical depths d and d¯ on the
e gñ - ñ∣ ∣ and e sñ - ñ∣ ∣ transitions. Then the recipe ﬁxes the duration of the detectionwindow to be smaller than
the shortest decoherence times, that is, theminimumof 1/ γeg and 1/γegwhilemaintaining that the number of
write photons is sufﬁciently low. Finally, the recipe proposes to take for thewrite pulse an exponential rising
function in time, whose duration is given by 1W eg
dapprox 1
2
1t g= +- -( ) . To estimate the heralding rates, one can
Table 1.Comparison of retrieval efﬁciency fromdifferent
spin shapes.
d fwdh off resh - resh *h
0.1 0.047 6 0.047 6 0.047 6 0.047 6
1 0.314 0 0.326 3 0.330 5 0.330 5
10 0.567 1 0.750 9 0.813 4 0.814 2
20 0.618 3 0.822 7 0.892 1 0.897 3
100 0.760 0 0.920 3 0.972 8 0.974 5
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next compute thewrite photon numberwith the formula in equation (8) given the Rabi frequency of thewrite
pulse. The readout efﬁciency obtainedwith a fast readout pulse, that is a readout pulsewith a durationmuch
smaller than the atomic coherence times, reaches the values given inﬁgure 3 (yellow triangles) as soon as the
corresponding Rabi frequency deﬁnes essentially aπ-pulse. This recipe describes a convenient way to come close
to the optimal efﬁciency of single photon sources with given optical depths based on spontaneous Raman
processes. This work could help in the implementation of the ﬁrst quantum repeater protocol successfully
outperforming the direct transmission of photons [4].
Acknowledgements
Wewould like to acknowledgeMikael Afzelius, Jean-Daniel Bancal, Lucas Beguin, Pau Farrera,GeorgHeinze,
EnkyOudot, TanPengKian, PhilippTreutlein and JanikWolters for useful discussions. Research at theUniversity
ofBasel is supported by the SwissNational Science Foundation (SNSF) through the grant number PP00P2-150579
and theArmyResearchLaboratoryCenter forDistributedQuantumInformation via the project SciNet.HdeR
acknowledgesﬁnancial support by the SpanishMinistry of Economy andCompetitiveness (MINECO) andFondo
EuropeodeDesarrolloRegional (FEDER) (FIS2015-69535-R), byMINECOSeveroOchoa throughGrantNo.
SEV-2015-0522, byFundacióCellex, and byCERCAprogramme/Generalitat deCatalunya.
AppendixA. Retrieval process
A.1. Retrieval emission dynamics
Webegin from theHamiltonian H H V0= + (see [15]), wherewe consider an atomic sample of length L, and a
classical ﬁeld sent from the z=L side of the sample. Choosing gñ∣ to be the energy level reference for the atomic
states, we have
H a ad 17
i
N
s ss
j
e ee
j
0
1
  ò åw w w s w s= + +w w =ˆ ˆ ( ) ( )†
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where i is m n= ñ ámn ∣ ∣ indicates atomic level operators for the ith atom, and aw indicates the annihilation operator
for the photonicmode at frequencyω.ω2 (ω1) indicates the frequency of the read control (photon)ﬁeld,
respectively. Note that we are considering resonant pulses, sowe haveω1 (ω2)=ωe (ωs). Using
A z t z t
U
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i
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i
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i
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1
1 2 1 1
i
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
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-
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for the change of frame, then in the continuum limit, we obtain
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wherewe have deﬁned a real Rabi frequency z t t, L z
cR R
W = W - -( ) ( ) and z t,r =( )
ad e eL
c
t
2
i i L zc1 1ò wp w w w w- -( ) . Using theﬁeld propagation equation alongwith theHeisenberg–Langevin
equations ofmotion, we have in amoving coordinate frame, ignoring spinwave decoherence and the noise
terms, and also considering thatσgg∼1,
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where g N
d c
L
2 eg= g , P z t N z t, , ege i L zc1s= w- -( ) ( ) and S z t N z t, , egs i L zc1 2s= w w- - -( ) ( ) ( ) . In the continuum
limit, the spin and ﬁeld operators obey the following commutation relations
z t z t
L
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z t z t
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Rewriting equations (A.1) in the reverse direction e.g. z t L z t z t, , ,r r r  ¢ = - =¯ ( ) ¯ ( ) ( ), and taking the
Laplace transform from z u¢  we obtain
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Wecan combine these three equations into a single differential equation, wherewe have ignored the boundary
term z t0,r ¢ =¯ ( ) sincewe send the read control ﬁeld into the z=L side of the atoms.On resonance (Δ=0),
let A eg
g N
cu
2g= + and B R2= W to see
S u t AS u t BS u t¨ , , , 0. 22+ + =¯ ( ) ¯˙ ( ) ¯ ( ) ( )
A.2. Fast retrieval
In the strong regime for the read control ﬁeld, one requires d2 1egR gW +∣ ∣ ( ), which implies
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The solution for equation (22) in this regime is
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where the initial condition implies
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One can thenﬁnd the prepared polarisation in terms of the intial spin condition,
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In the limit wherewe have a sufﬁciently strong read control ﬁeld d2 1egR 2gW +
p( ( )), theπ-pulse is
completed quickly andwe obtain a lossless preparation of P u t,¯ ( ) from S u t, 0=¯ ( ) in the form
P u S u t, i , 0 . 23Rt = =¯ ( ) ¯ ( ) ( )
Once the polarisation is prepared, weﬁnd the emission by solving for the dynamics in the absence of the laser,
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Taking the Laplace transform from L z z u- = ¢  and neglecting the boundary term since it does not
contribute to the photon number, we have
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This yields the evolution ofP(u, t) after its preparation from S(u, t),
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where J xn[ ] refers the nth Bessel function of theﬁrst kind.Nowwith z L z¢ = - , we require the ﬁeld at z=0
for backward retrieval, andweﬁnally obtain
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wherewe have used equation (23) for a lossless preparation.
A.3. Slow retrieval
In theweak regime for the read control ﬁeld, one requires 2 egR gW ∣ ∣ , which implies
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The solution for equation (22) in this regime is
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When there is no laser (B= 0), there should be no spinwave decay sincewe have considered zero spinwave
decoherence, sowe setCu(1)=0 and obtain
S u t S u t, e , 0 .A A B t4
1
2
2= =- - -¯ ( ) ¯ ( )( )
Now, in this regimewhen the Rabi frequency is small, we have
e e
e
e
A A B t A A t
t
t
4 1
B
A
B
A
eg
d
Lu
1
2
2 1
2
4
2
2
1
=
»
=
- - - - - -
-
-
g
W
+
( ) ( )
( )
This gives
S u t S u t, e , 0 ,Kt s u
1
1= =- +¯ ( ) ¯ ( )
where K
eg
R
2= g
W
and s d
L
= . One can proceed toﬁnd P u S u, t , t1
i tR
= ¶W¯ ( ) ¯ ( ) and u t P u t, i ,
g N
cu
 =¯ ( ) ¯ ( ), giving
u t
g N
c
K
u s
S u t,
1
e , 0 .Kt Kt
R
s
s u = - W + =
- + +⎡⎣⎢
⎤
⎦⎥( )¯ ( ) ¯ ( )
This yields
z t
g N
c
K
I Kts z z S z t z
, e
e 2 , 0 d . 26
Kt
z
s z z
0
0

ò
¢ = - W
´ ¢ -   = 
-
¢ - ¢- 
¯ ( )
( ( ) ) ¯ ( ) ( )( )
One can then compute the retrieval efﬁciency from a single spinwave, and this is found to yield the optimal
retrieval efﬁciency.
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where In[x] denotes the nthmodiﬁed Bessel function of theﬁrst kind.We havemade use of the fact that
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Appendix B.Write process
B.1.Heisenberg–Langevin equations for the atomic coherences
The goal here is toﬁrst derive the expressions for the evolution of the atomic coherences in thewrite process.We
begin from theHamiltonian H H V0= +¯ ¯ ¯
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Assuming a real Rabi frequencyΩW, this yields theHeisenberg–Langevin equations as follows:
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whereω1 (ω2) indicates the frequency of thewrite control ﬁeld (write photon ﬁeld), respectively,
and g N
d c
L
2 es= g¯ ¯ .
B.2. Creating atomic coherences
During thewrite process we account for possible depletion of thewrite laser intensity, and hence do not assume
ΩW(r, t) to be constant throughout the sample. As a result of the laser we create coherences between the g eñ - ñ∣ ∣
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transition, which forms the initial state for thewrite photon ﬁeld.Herewe proceed toﬁnd the atomic coherences
prepared as a result of our exponential shaped resonant write control ﬁeld.
For a sufﬁciently short write control ﬁeld, the dynamics of the ﬁeld and the atoms can be describedwith the
dynamics along the g eñ - ñ∣ ∣ transition. Ignoring the noise terms onσge andmaking the analogy between the
classical and quantum ﬁelds on the g eñ - ñ∣ ∣ transition,
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wherewe have assumed that almost all atoms remain in the gñ∣ level.
Let usﬁrst assume awrite control ﬁeldwith Rabi frequencyΩW that begins at t=0. Taking the Laplace
transforms from t w , weﬁnd
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Insert equation (33) into equation (32), and use the initial conditionσge(z, t=0)=0 to obtain
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After inverting the Laplace transform, we now shift the limits to consider awrite control ﬁeldwith support on
negative times, giving
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where Jn(x) indicates the nth Bessel function of theﬁrst kind.
Thus, with an exponential write control ﬁeld t0, etW W
max WW = W t( ) sent up to t=0, we evaluate the
atomic coherence at t= 0with the help of J Bt te 2 d eAt
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B.3.Write photon emission
After the preparation of atomic coherences, we begin to see spontaneous emission from the eñ∣ level. Alongwith
theﬁeld propagation equation, the relevantHeisenberg–Langevin equations are
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DeﬁningQ N e z c sei 2 s= w-† , wewill consider thewrite emission for short detection times. Using (35)we
thus replaceσee−σsswith itsmean value at position z and t=0 to obtain
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Performingﬁrst the Laplace transform in space (z s )
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Substituting the second line into the ﬁrst, we eliminateQ(s,ω) and are left with a boundary term inQ:
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The following formula also holds with a shift from s to s+α:
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By substituting s ,w a w+( ) into the previous equationwe canﬁnd s, w( ) in terms of s 2 ,w a w+( ), and
by taking the substitution into the nth stepwe have
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Taking the limit of n  ¥, theﬁrst termdisappears, andwe proceed to perform the inverse transform
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where M z z, 1 eAB z z¢  = -a a- ¢- ( ) [ ]( ) .
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Finally, noting that
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we get
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B.4.Number ofwrite photons
Computing the photon ﬂux requires the commutation relations forQ and a 2-point noise correlation function
involving FQ. In a short timewindow τd whereσee−σss is not changing, andwith the Einstein relations (see Ch
15.5 of [23]), the Langevin equations for systemoperators can bewritten
A D t F t . 39= +m m m˙ ( ) ( ) ( )
The correspondingmemoryless noise correlations for operatorsμ and ν are such that
F t F t D t t2 , 40dá ¢  ñ = á ñ ¢ - m n mn( ) ( ) ( ) ( )
where
D A D D A
t
A A2
d
d
. 41á ñ = -á ñ - á ñ + á ñmn m n m n m n ( )
Thus, identifying terms in equation (36)with terms in equation (39), wemake use of
Q z t Q z t N z t z t
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, , , , , ,
e , 42
s se
z
e
0
2
s s
d q
¢ = ¢
= - ¢ a- ¢
[ ( ) ( )] [ ( ) ( )]
( )∣ ∣ ( )
†
thenwemake use of the fact that Q z t Q z t, ,á ¢ ñ( ) ( )† right after our preparation of atomic coherences is zero,
giving Q z t Q z t L z z, , e z0 2d qá ¢ ñ = - ¢ a- ¢( ) ( ) ( )∣ ∣† .
Then one obtains
D L z z2 2 e , 43Q Q es z, 0 2g q dá ñ = - ¢a-∣ ∣ ( ) ( )†
yielding
F z t F z t L z z t t, , 2 e , 44Q Q es
z
0
2g q d dá ¢ ¢ ñ = - ¢ - ¢a-( ) ( ) ∣ ∣ ( ) ( ) ( )†
validwhenσee−σss is not changing.
This yields a photonﬂux of
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For sufﬁciently short detection times d
1
2 es
t g , the noise contribution (second term) can be ignored, and
furthermorewhen the photon number ismuch smaller than 1
g N
cd 0
2 1 e
1L2t q a
- -a- { }( )( ∣ ∣ )¯ we can consider
just the leading term in the series expansion, and observe a constant ﬂux
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We therefore obtain a photon number of
g N
c 0
2 1 e
d
L2 q ta
- a-∣ ∣¯ within this short detectionwindow. This is
precisely the excited atom fractionmultiplied by d es dg t¯ , since the fraction of atoms that were excited after the
write pulse is z z z, 0 d e d
L
L
ee L
L z
L
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0
1
0 0
2
0
2 1 e
Lò òs q qá ñ = =a a- -
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B.5.Number of prepared spins
We start with the description of the spin operator from equation (30), by deﬁning S N egs z ci 1 2s= w w- -( ) and
replacingσeg(z, t) by itsmean value e ez z c0 2 i 1*q a w- -
S z t F z t g N z t
g N z t
, , i e ,
i , e .
S
k
eg
z
t 0
i r
w
w 0
2
w
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† †
Take the Laplace transform from t w to see
S z S z t F z C z z, , 0 , , ,S w0 w g w w w+ - = - =( ) ( ) ( ) ( ) ( ) ( )† † †
where C z g Ni e z0
2*q= - a-( ) ¯ . Thenwe have
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and noting that e t1 1
0
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where theﬁeld expression  from the previous subsection is required. Ignoring terms that do not showup in the
normal ordered S Sá ñ† , we have
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Computing S Sá ñ† requires the commutator z t z t L z z c t t, , ,w w  d¢ ¢ = - ¢ - - ¢[ ( ) ( )] [ ( )]† and yields 4 terms.
In the short timewindowwhere one can ignore the atomic dephasing ,d
1
2
1
2 es0
t g g( ), and alsowhere the
photon number ismuch smaller than 1
g N
cd 0
2 1 e
1L2t q a
- -a-⎜ ⎟⎛⎝
⎞
⎠{ }( )∣ ∣¯ , only one termdominates (the term
independent ofH2). The number of spins is then equivalent to the photon number
L
S z S z z
g N
c
1
, , d
1 e
.
L L
0
d d
2
0
2
dò t t q a tá ñ » -
a-
( ) ( ) ¯ ∣ ∣†
AppendixC. Phasematching
By assuming the retrieval process to perform retrieval from the exact same spinwave function S(z, t) that has
been created by thewrite pulse, we have assumed the degeneracy of the twometastable states gñ∣ and sñ∣ . In
general, themetastable states could have different energies whichwould lead to a read process from
S z t, e z c2i sew w-( ) ( ) . However, this effect is negligible in the regime 1e s Lcw w- ∣ ∣ .
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AppendixD. Second order coherence
D.1.Multi-pair two-mode squeezing
To ensure that a single photon source is singlemode in all degrees of freedom, onewould have to verify that the
outgoing emission is not produced in a combination ofmodes. In the system that we consider, one cause for
multi-mode emission aremultiple twomode squeezing processes occurring during the initial write process.
Thereafter, the subsequent retrieval process yields a read photon inmore than onemode.Here, we include a
short section to explain how the unconditional autocorrelationmeasurement (g(2)(0)) scales with the number of
drivenmode pairs [20], and this allows one to verify that no higher-number twomode squeezing processes have
occured.
Let usﬁrst consider the state created byK vacuum squeezing processes
p1 e e , 49K p a b p a bmulti m
K
m m n
K
n n1 1r = - WñáWå å= =⎡⎣ ⎤⎦( ) ∣ ∣ ( )
† †
where Wñ∣ indicates the vacuum in allmodes. Now consider a detector that sees all theKmodes, giving a number
operator of the form
N a a . 50K
c
K
c c
1
å=
=
ˆ ( )†
This yields
a a a a
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K KTr
1
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giving the unconditional autocorrelation of the amodes
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which leads us to check if our photonﬁeld is indeed consistent with that coming from a single-pair two-mode
squeezing process.
We thus compute the unconditional autocorrelation function of the read photon ﬁeld at time t
g
t t t t
t t
0, 0, 0, 0,
0, 0,
,r r r r
r r
read
2
2
   
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á ñ
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( ) ( ) ( ) ( )
( ) ( )
† †
†
In the regimewe consider, wherewe have a short detection time and a fast readout, developing the numerator of
the g(2) function leads to the term
t t t t
t t t
L
c
t t t
L
c
t t t t
L
c
t t t t
0, 0, 0, 0,
0, 0, 0, 0,
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which yields
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( ) ( )
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†
as it should, sincewe assume amono-mode emission (K=1). Herewe have used equation (25) and the leading
termof equation (48).
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